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1 Introduction 

Let Z be the exceptional Jordan algebra over R and Z its complexification. 
Then the simply connected compact exceptional Lie group F4 acts on 2 and P4 
has three orbit types which are 

F4/F4, F 4 /Spin(9), F 4 /Spin(8). 

Similarly the simply connected compact exceptional Lie group E 6 acts on Z c 
and Eq has five orbit types which are 

E 6 /E 6 , E 6 /F 4 , E 6 /Spin{10), E 6 /Spin{9), E e /S P in(8) 

([6]). In this paper, we determine the orbit types of the simply connected 
compact exceptional Lie group E 7 in the complex Freudenthal vector space Vft c . 
As results, E 7 has seven orbit types which are 

E 7 /E 7 , E 7 /E 6 , E 7 /F 4 , E 7 /Spin(ll), E 7 /Spin(10), E 7 /Spin{9), E 7 /Spin{8). 

2 Preliminaries 

Let £ be the division Cayley algebra and 3 = {X € M(3, C) \X* = X} 
be the exceptional Jordan algebra with the Jordan multiplication X o Y, the 
inner product (X, Y) and the Freudenthal multiplication X x Y and let 3 C 
be the complexification of 3 with the Hermitian inner product (X,Y). (The 
definitions of X o Y, (X,Y), X X Y and (X, Y) are found in [2]). Moreover, let 
rpC = ^ c j c c (7 be the Freudenthal C- vector space with the Hermitian 
inner product (P, Q). For P, Q € *p c , we can define a C-linear mapping fx Q 
of qj 6 ". (The definitions of (P,Q) and P x Q are found in [2]). The complex 
conjugation in the complexified spaces £ , 5 or *p is denoted by r. Now, the 
simply connected compact exceptional Lie groups F^jEq and E 7 are defined by 

P 4 = {aeIso fl (3)|a(Xoy) = aloay}, 
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E 6 = {aeIso c (3°)\TaT(XxY)=aXxaY,(aX,aY) = (X,Y)}, 
E 7 = {a eIso c (y C ) \a(P x Q)a" 1 = aP x aQ,(aP,aQ) = (P,Q)} 
= {a e lso c {V C ) | a(P x Q)^ 1 = aP x aQ, a{r\) = {r\)a} 

(where A is the C-linear transformation of Cp c defined by X{X, Y, £, 77) = (Y, —X, 77, — £)), 
respectively. Then we have the natural inclusion F4 C Eq C Ej, that is, 

E 6 = {ae£ 7 |a(0,0,l,0) = (0,0,l,0)}c£ 7 , 
F t = {a£ E 6 \aE = E} C E 6 C £ 7 , 

where E is the 3x3 unit matrix. The groups F4, E 6 and E 7 have subgroups 

Spm(8) = {a e F 4 \aE k = E k ,k = 1,2,3} C F 4 C E 6 C £ 7 , 

Spm(9) = {a G F 4 I a£i = Ex} C F 4 C £ 6 C £ 7 , 

S'pm(lO) = {a € E 6 I a£i = Ex} C E 6 C E 7 , 

Spin(ll) = {ae E 7 \ a{Ex, 0,1,0) = {Ex, 0,1,0)} C E 7 , 

(the last fact (-EV)(Ei, 0,1,0) = Spin{U) will be proved in Theorem 6.(4)), where 

(1 0\ 

£ fe is the usual notation in 3 C , e.g. £1 = ([2]). 

\0 0/ 

3 Orbit types of F4 in $ an d Eq in 3° 

We shall review the results of orbit types of F4 in 3 and i?6 in % c ' . 

Lemma 1 ([1]). Any element I £ 3 can be transformed to a diagonal 
form by some a € F4 : 

(£1 0\ 

aX = £ 2 I , ^ £ fl, (which is briefly written by (£1,^2, £3))- 

\o 

TTie order 0/ £1,^2, £3 can 6e arbitrarily exchanged under the action of F4. 
Theorem 2 ([6]). TTie or&it types of the group F4 in 3 are as follows. 

(1) The orbit through (£,£,£) is F4/F4. 

(2) 77ie or&if through (w/iere £1 7^ £) is F 4 /Spin{9). 

(3) T/ie or&i£ through (£1, £2, £3) {where £1, £2, £3 are distinct) is F4/ 'Spin{8). 



Lemma 3 ([2], [4]). v4ny element X e Z° can be transformed to the 
following diagonal form by some a £ E§ : 

( rxa \ 

al= r 2 a , r fc e R, a <E C, |a| = 1 



rxa 











r 2 a 











r 3 a 
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(which is briefly written by (ria,r 2 a,r 3 a)).The order of ri,r 2 ,r 3 can be arbi- 
trarily exchanged under the action of E$ . 

Theorem 4 ([6]). The group Eq has the following five orbit type in Z C ■ 
E e /E 6 , Ee/Fi, E 6 /Spin(10), E 6 /Spin{9), E e /S P in(8) 

More details, ((ria,r2a,r^a) is considered up to a constant ), 

(1) The orbit through (0,0,0) is E 6 /E e . 

(2) The orbit through (1, 1, 1) is Eq/F^. 

(3) The orbit through (1,0,0) is E 6 /Spin(10). 

(4) The orbit through (l,r, r) {where < r, r ^ 1) is Eq/ Spin{9). 

(5) The orbit through (r,s,t) (where < r, < s, < t and r, s,t are 
distinct) is E 6 / Spin(8). 



4 Orbit types of E 7 in ^3 

Lemma 5 ([2]). Any element P G can be transformed to the following 
diagonal form by some a G E 7 : 

/ari 00\/6ri00\ n « ^ « ^ 

Moreover, any element P G Cp c can 6e transformed to the following diagonal 
form by some ip(A)a G ip(SU(2))E 7 : 

/ n 0\ /0 0\ 

<p(A)aP=( r 2 0,0 ,r,0), r fc , r G i?, < r fc) < r, 
\0 r 3 / \0 0/ 

(which is briefly written by (ri, r 2 , r 3 ; r)), w/iere </?(A) G (p(SU(2)) C £?s and 
commutes with any element a G E 7 . The order of ri,r2,r$,r can be arbitrarily 
exchanged under the action of Ej . (As for the definitions of the groups Eg and 
if(SU(2)), see [2]). The action of <p(A),A G SU(2), on <£ c is given by 

<p{A)P = <p{(^ b - T ^)(X,Y,Z, V ) = (aX^(bY),aY-T(bX),a£^(bn),ar,-T(bQ). 

Theorem 6. The group E 7 has the following seven orbit types in Cp C : 
E 7 /E 7 , E 7 /E 6 , E r /F 4 , E 7 /Spin(ll), E r /Spin(l0), E 7 /Spin{9), E 7 /Spin{8). 

More details, 

(1) The orbit through (0, 0, 0; 0) is E 7 /E 7 . 

(2) The orbit through (0, 0, 0; 1) or (1, 1, 1; 1) is E 7 /E 6 . 
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(3) The orbit through (1, 1, 1; 0) or (1,1, l;r) (where < r,l ^ r) is 
E 7 /F 4 . 

(4) The orbit through (1, 0, 0; 1) or (l,r,r;l) (where < r, 1 ^ r) is 
S 7 /5pm(ll). 

(5) TTie or&ii through (1, 0, 0; r) (where < r, 1 ^ r) is E 7 / Spin(\0) . 

(6) TTie or&i£ through (1, 1, r; 0) or (1, 1, r; s) (where < r, < s and 1, r, s 
are distinct ) is E 7 / Spin(9). 

(7) TTie or&ii through (l,r, s;0) or (l,r, s;t) (where r, s,t are positive and 
l,r,s,t are distinct ) is E 7 / Spin(8). 

Proof. From Lemma 5, the representatives of orbit types (up to a con- 
stant) can be given by the following. 

(0,0,0;0), (0,0, 0;1), (0,0, 1;1), (0,0, l;r), 
(0,1,1;1), (0,1, l;r), (0,1, r;s), (1,1,1; 1), 
(1,1, l;r), (1,1, r;r), (1,1, r;s), (l,r,«;i) 

where r, s, t are positive, 0, 1, r, s, t are distinct and the order of 0, 1, r, s, i can 
be arbitrarily exchanged. 

(1) The isotropy subgroup (i?7)(o,o,0;0) i s obviously E 7 . Therefore the orbit 
through (0, 0, 0; 0) is E 7 /E 7 . 

(2) The isotropy subgroup (E 7 ) (0,0, 0;i) is Eq. Therefore the orbit through 
(0,0,0;l) is E 7 /E 6 . 

(2') The isotropy subgroup (-E7)(i,i,i ; i) is conjugate to P 6 in E 7 . In 
fact, we know that the following realization of the homogeneous space E 7 /Eq : 
E 7 /E 6 = {P e V° I P x P = 0, (P, P) = 1} = M ([4]). Since ^(E, E, 1, 1) 
and (0, 0, 1, 0) € 371, there exists 5 £ E 7 such that 

5{^(E,E,1,1))= (0,0,1,0). 

Hence the isotropy subgroup (-E 7 )(b,b,i j i) is conjugate to the isotropy subgroup 
(^7)(o,o,i,o) m E 7 : (E 7 ) {EtEAA) ~ (-B 7 )( ,o,i,o)- On the other hand, since 

J V2 fW 0,1,0) = -±=(E, E, 1,1), 
\ V2 V2J v2 

we have (£V)(,e.o,i,o) = (E 7 )(e,e,i.i) ~ (-EV)(o,o,i,o) = #6- Therefore the orbit 
through (1,1, 1;1) is P 7 /£e- 

(3) The isotropy subgroup (-E7)(i,i,i ; o) is Pi- In fact, for a e P7 and P e 
q2 c , we have a(rA((P x P)P)) = rA(a((P x P)P)) = rA(a(P x Pjo^aP) = 
r\((aP x aP)aP). Now, let P = (1, 1, 1; 0). Since t\((P x P)P) = |(0, 0, 0; 1), 
if a e E 7 satishes aP = P, then a also satisfies a(0, 0, 0; 1) = (0, 0, 0; 1). Hence 
a E Eq, so together with aE — E, we have a <G P4. Therefore the orbit through 
(1,1, 1;0) is E 7 /F 4 . 
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(3') The isotropy subgroup (-EV)(i,i,i; r ) is F4. In fact, let P = (1,1, l;r). 
Since tA((P x P)P) = |(r,r,r;l), if a e E 7 satisfies aP = P- - (i), then 
a also satisfies a(r, r, r; 1) = (r,r,r;l) ■ ■ ■ (ii). Take (i) — (ii), then we have 
a{\ — r, 1 — r, 1 — r; r — 1) = (1 — r, 1 — r, 1 — r; r — 1). Since 1 — r ^ 0, we have 
a(l,l,l;-l) = (1, 1, 1; -1). Together with aP = P, we have a(0,0,0;l) = 
(0,0, 0;1) and a(l,l,l;0) = (1, 1, 1; 0). Hence a e E 6 and hence a e F 4 . 
Therefore the orbit through (1, 1, 1; r) is E-j / 'F4. 

(4) The isotropy subgroup (p7)(i.o,o ; i) is Spin(ll). In fact, we know that 
(-E^OfSi, £1,1,1) — Spin(ll) ([3]). On the other hand, since 

J V2 f W, 0,1,0) = ^={E 1 ,E 1 ,1,1), 

we have (E 7 )t Elt 0.1,0) = {■^'7)(e 1 , £1,1,1) = S'pin(ll). therefore the orbit through 
(1, 0, 0; 1) is E 7 /Spin(ll). Therefore the orbit through (1, 0, 0; 1) is E 7 /Spin(ll). 

(4') The isotropy subgroup (p7)(i, r ,r;i) is Spin(\\). In fact, let P = 
(l,r,r; 1). Since rA((P x P)P) = |(r 2 , r, r; r 2 ), if a G P 7 satisfies oP = P • • • 
(i), then a also satisfies a(r 2 ,r,r;r 2 ) — (r 2 ,r 7 r;r 2 ) ■ ■ ■ (ii). Take (i) — (ii), then 
we have a{\ — r 2 , 0, 0; 1 — r 2 ) = (1 — r 2 , 0, 0; 1 — r 2 ). Since 1 — r 2 ^ 0, we have 
a(l, 0,0,1) = (1,0, 0;1). Hence a G Spin(ll). Therefore the orbit through 
(l,r,r;l) is E 7 /Spin(ll). 

(5) The isotropy subgroup (p7)(i,o.O:r) is Spin(W). In fact, for a e E 7 and 
P G < P C , wchavca((PxP)rAP) = (a(PxP)a- 1 )a(T\P) = (aPxaP)TX(aP). 
Now, let P = (1,0,0; r). Since (P x P)tAP = -±(r 2 , 0, 0; r), if a e E 7 satisfies 
aP = P • • • (i), then a also satisfies a(r 2 , 0, 0; r) = (r 2 , 0, 0; r) • • • (ii). Take (i) 
— (ii), then we have a(l — r 2 , 0, 0; 0) = (1 — r 2 , 0, 0; 0). Since 1 — r 2 7^ 0, we have 
a{l, 0, 0; 0) = (1, 0, 0; 0) • • • (iii). Take (i) - (iii), then a(0, 0, 0; r) = (0, 0, 0; r), 
that is, a(0,0,0;l) = (0,0, 0; 1). Hence a <E P 6 and aPi = Pi. Thus a e 
S'pm(lO). Therefore the orbit through (1,0, 0;r) is E 7 /Spin(l0). 

(6) The isotropy subgroup (PV)(i,i,r- ; o) is Spin(9). In fact, let P = (1, 1, r; 0). 
Since rA((P x P)P) = |(0, 0, 0; r), if a e E 7 satisfies aP = P, then a also sat- 
isfies a(0,0, 0; 1) = (0,0, 0; 1). Hence a <G E 6 , so together with aP = P, we 
have a e Spin(9) (Theorem 4.(4)). Therefore the orbit through (1,1, r;0) is 
E 7 /Spin(9). 

(6') The isotropy subgroup (p7)(i,i, r;s ) is Spin(9). In fact, let P = 
(1, l,r; s). Since tA((P x P)P) = |(rs, rs, s; r), if a e £7 satisfies op = P • • • 
(i), then a also satisfies a(rs,rs,s:r) = (rs,rs, s;r) . . . (ii). Take (i) x r — (ii) x 
s, then we have a(r(l-s 2 ), r(l-s 2 ), r 2 -s 2 ; 0) = (r(l-s 2 )s, r(l -s 2 ), r 2 -s 2 ; 0). 
Since r(l — s 2 ), r 2 — s 2 arc non-zero and r(l — s 2 ) 7^ r 2 — s 2 , from (6) we have 
a G Spin{9). Therefore the orbit through (1, l,r; s) is E 7 / Spin{9). 

(7) The isotropy subgroup (p7)(i, r , s; o) is Spin(8). In fact, let P = (1, r, s; 0). 
Since tA((P x P)P) = §(0,0, 0;rs), if a € £7 satisfies aP = P, then a also 
satisfies a(0,0,0;l) = (0,0, 0;1). Hence a e E 6 , so together with aP = P, we 
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have a G Spin(8) (Theorem 4.(5)). Therefore the orbit through (l,r, s;0) is 
E 7 /Spin{8). 

(T) The isotropy subgroup {E 7 )( lrs . t ) is Spin(8). In fact, let P = 
(1, r, s; t). Since rA((P x P)P) = §(rsi, st, rt; rs), if a G E 7 satisfies aP — P ■ ■ ■ 
(i), then a also satisfies a(rst, st,rt;rs) — (rst, st,rt;rs) ■ ■ ■ (ii). Take (i) x rs 
- (ii) x t, then we have a(rs(l-t 2 ), s(r 2 -t 2 ),r(s 2 -t 2 );0) = (rs(l-t 2 ), s(r 2 - 
t 2 ),r(s 2 — t 2 );0). Since rs(l — t 2 ),s(r 2 — t 2 ) and r(s 2 - t 2 ) are non-zero and 
distinct, from (7) we have a G Spin(8). Therefore the orbit through (l,r,s;t) 
is E r /Spin{8). 
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